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Nonlinear Spinor Fields in Bianchi type-VI space-time
Bijan Saha
Laboratory of Information Technologies
Joint Institute for Nuclear Research
141980 Dubna, Moscow region, Russia∗
Within the scope of Bianchi type-VI cosmological model we study the role of spinor
field in the evolution of the Universe. It is found that due to the spinor affine connections
the energy-momentum tensor of the spinor field possesses non-diagonal components. The
non-triviality of non-diagonal components of the energy-momentum tensor imposes some
severe restrictions either on the spinor field or on the metric functions or on both of them.
But unlike in cases of Bianchi type-I or V I0, in case of Bianchi type-VI model it does not lead
to the elimination of spinor field nonlinearity or mass term in the spinor field Lagrangian. It
is also found that depending on the sign of self-coupling constant the model can give rise to
late time acceleration or generate oscillatory mode of evolution.
PACS numbers: 98.80.Cq
Keywords: Spinor field, late time acceleration, oscillatory solution, anisotropic cosmological mod-
els,isotropization
I. INTRODUCTION
With the more and more observational data available from far sky, the need for a change in the
standard cosmological paradigm becomes inevitable. Prior to 1998 when we had no idea about
the accelerating mode of expansion the available observational data were well fit in the standard
Einstein model. But the discovery and further reconfirmation of the existence of the late time
accelerated mode of expansion [1, 2] have opened a new window for change. Along with that
comes out a number of alternative models of the evolution of the Universe.
The most popular among the models are those which consider the old Einstein theory with a
new ”matter” as a source field. The models with Λ-term [3–5], quintessence [6–11], Chaplygin
gas [12–19] etc. are among the most studied ones, though some other models of dark energy are
also proposed. After some remarkable works by different authors [20–34], showing the important
role of spinor field in the evolution of the Universe, it has been extensively used to model the dark
energy. This success is directly related to its ability to answer some fundamental questions of mod-
ern cosmology: (i) Problem of initial singularity and its possible elimination [22–26, 35–38]; (ii)
problem of isotropization [24, 25, 27, 36, 39] and (iii) late time acceleration of the Universe [28–
30, 32, 35–38, 40, 41]. Moreover recently it was found that the spinor field can also describe the
different characteristics of matter from ekpyrotic matter to phantom matter, as well as Chaplygin
gas [42–46].
It should be noticed that in earlier works only the diagonal components of the energy-
momentum tensor of the spinor field were taken into account. But recently it was shown that
due to its specific behavior in curve spacetime the spinor field can significantly change not only
the geometry of spacetime but itself as well. The existence of nontrivial non-diagonal components
of the energy-momentum tensor plays a vital role in this matter. In [47, 48] it was shown that de-
pending on the type restriction imposed on the non-diagonal components of the energy-momentum
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tensor, the initially Bianchi type-I evolves into a LRS Bianchi type-I spacetime or FRW one from
the very beginning, whereas the model may describe a general Bianchi type-I spacetime but in that
case the spinor field becomes massless and linear. The same thing happens for a Bianchi type-
V I0 spacetime, i.e., the geometry of Bianchi type-V I0 spacetime does not allow the existence of a
massive and/or nonlinear spinor field [49].
Anisotropic Bianchi type VI cosmological models were studied by many authors [50–54]. In
this report we study the role of spinor field in the evolution of a Bianchi type VI anisotropic
cosmological model.
II. BASIC EQUATION
Let us consider the case when the anisotropic space-time is filled with nonlinear spinor field.
The corresponding action can be given by
S (g;ψ, ψ¯) =
∫
L
√−gdΩ (2.1)
with
L = Lg +Lsp. (2.2)
Here Lg corresponds to the gravitational field
Lg =
R
2κ
, (2.3)
where R is the scalar curvature, κ = 8piG, with G being Einstein’s gravitational constant and Lsp
is the spinor field Lagrangian.
A. Gravitational field
The gravitational field in our case is given by a Bianchi type-VI anisotropic space time:
ds2 = dt2−a21e−2mx3dx21−a22e2nx3dx22−a23dx23, (2.4)
with a1, a2 and a3 being the functions of time only and m and n are some arbitrary constants.
The nontrivial Christoffel symbols for (2.4) are
Γ101 =
a˙1
a1
, Γ202 =
a˙2
a2
, Γ303 =
a˙3
a3
,
Γ011 = a1a˙1e
−2mx3 , Γ022 = a2a˙2e
2nx3 , Γ033 = a3a˙3, (2.5)
Γ131 = −m, Γ232 = n, Γ311 =
ma21
a23
e−2mx3 , Γ322 =−
na22
a23
e2nx3 .
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The nonzero components of the Einstein tensor corresponding to the metric (2.4) are
G11 = −
a¨2
a2
− a¨3
a3
− a˙2
a2
a˙3
a3
+
n2
a23
, (2.6a)
G22 = −
a¨3
a3
− a¨1
a1
− a˙3
a3
a˙1
a1
+
m2
a23
, (2.6b)
G33 = −
a¨1
a1
− a¨2
a2
− a˙1
a1
a˙2
a2
− mn
a23
, (2.6c)
G00 = −
a˙1
a1
a˙2
a2
− a˙2
a2
a˙3
a3
− a˙3
a3
a˙1
a1
+
m2−mn+n2
a23
, (2.6d)
G03 = (m−n)
a˙3
a3
−ma˙1
a1
+n
a˙2
a2
. (2.6e)
B. Spinor field
For a spinor field ψ , the symmetry between ψ and ψ¯ appears to demand that one should choose
the symmetrized Lagrangian [55]. Keeping this in mind we choose the spinor field Lagrangian as
[24]:
Lsp =
ı
2
[
ψ¯γµ ∇µψ−∇µψ¯γµψ
]−mspψ¯ψ−F, (2.7)
where the nonlinear term F describes the self-interaction of a spinor field and can be presented
as some arbitrary functions of invariants generated from the real bilinear forms of a spinor field.
Since ψ and ψ⋆ (complex conjugate of ψ) have four component each, one can construct 4×4= 16
independent bilinear combinations. They are
S = ψ¯ψ (scalar), (2.8a)
P = ıψ¯γ5ψ (pseudoscalar), (2.8b)
vµ = (ψ¯γµ ψ) (vector), (2.8c)
Aµ = (ψ¯γ5γµ ψ) (pseudovector), (2.8d)
Qµν = (ψ¯σ µν ψ) (antisymmetric tensor), (2.8e)
where σ µν = (ı/2)[γµγν − γνγµ ]. Invariants, corresponding to the bilinear forms, are
I = S2, (2.9a)
J = P2, (2.9b)
Iv = vµ vµ = (ψ¯γµ ψ)gµν(ψ¯γνψ), (2.9c)
IA = Aµ Aµ = (ψ¯γ5γµ ψ)gµν(ψ¯γ5γν ψ), (2.9d)
IQ = Qµν Qµν = (ψ¯σ µνψ)gµαgνβ (ψ¯σ αβ ψ). (2.9e)
According to the Fierz identity, among the five invariants only I and J are independent as
all others can be expressed by them: Iv = −IA = I + J and IQ = I − J. Therefore, we choose
the nonlinear term F to be the function of I and J only, i.e., F = F(I,J), thus claiming that it
describes the nonlinearity in its most general form. Indeed, without losing generality we can
choose F = F(K), with K taking one of the following expressions {I, J, I + J, I− J}.. Here ∇µ is
the covariant derivative of spinor field:
∇µψ =
∂ψ
∂xµ −Γµψ, ∇µψ¯ =
∂ψ¯
∂xµ + ψ¯Γµ , (2.10)
4 Saha B.
with Γµ being the spinor affine connection. In (2.7) γ’s are the Dirac matrices in curve space-time
and obey the following algebra
γµ γν + γν γµ = 2gµν (2.11)
and are connected with the flat space-time Dirac matrices γ¯ in the following way
gµν(x) = eaµ(x)e
b
ν(x)ηab, γµ(x) = eaµ(x)γ¯a (2.12)
where eaµ is a set of tetrad 4-vectors.
For the metric (2.4) we choose the tetrad as follows:
e
(0)
0 = 1, e
(1)
1 = a1e
−mx3, e(2)2 = a2e
nx3 , e
(3)
3 = a3. (2.13)
The Dirac matrices γµ(x) of Bianchi type-VI space-time are connected with those of
Minkowski one as follows:
γ0 = γ¯0, γ1 = e
mx3
a1
γ¯1, γ2 = e
−nx3
a2
γ¯2, γ3 = 1
a3
γ¯3
γ5 =−ı√−gγ0γ1γ2γ3 =−ıγ¯0γ¯1γ¯2γ¯3 = γ¯5
with
γ¯0 =
(
I 0
0 −I
)
, γ¯ i =
(
0 σ i
−σ i 0
)
, γ5 = γ¯5 =
(
0 −I
−I 0
)
,
where σi are the Pauli matrices:
σ 1 =
(
0 1
1 0
)
, σ 2 =
(
0 −ı
ı 0
)
, σ 3 =
(
1 0
0 −1
)
.
Note that the γ¯ and the σ matrices obey the following properties:
γ¯ iγ¯ j + γ¯ j γ¯ i = 2η i j, i, j = 0,1,2,3
γ¯ iγ¯5 + γ¯5γ¯ i = 0, (γ¯5)2 = I, i = 0,1,2,3
σ jσ k = δ jk + iε jklσ l, j,k, l = 1,2,3
where ηi j = {1,−1,−1,−1} is the diagonal matrix, δ jk is the Kronekar symbol and ε jkl is the
totally antisymmetric matrix with ε123 =+1.
The spinor affine connection matrices Γµ(x) are uniquely determined up to an additive multiple
of the unit matrix by the equation
∂γν
∂xµ −Γ
ρ
νµ γρ −Γµγν + γνΓµ = 0, (2.14)
with the solution
Γµ =
1
4
γ¯aγν ∂µe(a)ν −
1
4
γργνΓρµν . (2.15)
From the Bianchi type-VI metric (2.15) one finds the following expressions for spinor affine
connections:
Γ0 = 0, (2.16a)
Γ1 =
1
2
(
a˙1γ¯1γ¯0−ma1
a3
γ¯1γ¯3
)
e−mx3 , (2.16b)
Γ2 =
1
2
(
a˙2γ¯2γ¯0 +n
a2
a3
γ¯2γ¯3
)
enx3 , (2.16c)
Γ3 =
a˙3
2
γ¯3γ¯0. (2.16d)
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C. Field equations
Variation of (2.1) with respect to the metric function gµν gives the Einstein field equation
Gνµ = Rνµ −
1
2
δ νµ R =−κT νµ , (2.17)
where Rνµ and R are the Ricci tensor and Ricci scalar, respectively. Here T νµ is the energy momen-
tum tensor of the spinor field.
Varying (2.7) with respect to ψ¯(ψ) one finds the spinor field equations:
ıγµ∇µ ψ−mspψ−Dψ− ıG γ5ψ = 0, (2.18a)
ı∇µψ¯γµ +mspψ¯ +Dψ¯ + ıG ψ¯γ5 = 0, (2.18b)
where we denote D = 2SFKKI and G = 2PFKKJ, with FK = dF/dK, KI = dK/dI and KJ = dK/dJ.
In view of (2.18) can be rewritten as
Lsp =
ı
2
[
ψ¯γµ∇µ ψ−∇µ ψ¯γµ ψ
]−mspψ¯ψ−F(I, J)
=
ı
2
ψ¯[γµ∇µ ψ−mspψ]− ı2 [∇µψ¯γ
µ +mspψ¯ ]ψ−F(I, J),
= 2(IFI + JFJ)−F = 2KFK−F(K), (2.19)
where K = {I, J, I + J, I− J}.
D. Energy momentum tensor of the spinor field
The energy-momentum tensor of the spinor field is given by
T ρµ =
ı
4
gρν
(
ψ¯γµ∇ν ψ + ψ¯γν∇µψ−∇µψ¯γνψ−∇νψ¯γµψ
) −δ ρµ Lsp. (2.20)
Then in view of (2.10) and (2.19) the energy-momentum tensor of the spinor field can be written
as
T ρµ =
ı
4
gρν
(
ψ¯γµ ∂νψ + ψ¯γν ∂µψ−∂µψ¯γνψ−∂ν ψ¯γµψ
)
− ı
4
gρνψ¯
(
γµ Γν +Γν γµ + γνΓµ +Γµ γν
)
ψ −δ ρµ (2KFK−F(K)) . (2.21)
As is seen from (2.21), is case if for a given metric Γµ ’s are different, there arise nontrivial non-
diagonal components of the energy momentum tensor.
We consider the case when the spinor field depends on t only, i.e. ψ = ψ(t). Then inserting
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(2.10) into (2.21) one finds
T 00 =
ı
2
g00
(
ψ¯γ0ψ˙− ˙ψ¯γ0ψ
)−Lsp, (2.22a)
T 11 = −
ı
2
g11ψ¯ (γ1Γ1 +Γ1γ1)ψ−Lsp, (2.22b)
T 22 = −
ı
2
g22ψ¯ (γ2Γ2 +Γ2γ2)ψ−Lsp, (2.22c)
T 33 = −
ı
2
g33ψ¯ (γ3Γ3 +Γ3γ3)ψ−Lsp, (2.22d)
T 01 =
ı
4
g00
(
ψ¯γ1ψ˙− ˙ψ¯γ1ψ
)− ı
4
g00ψ¯ (γ0Γ1 +Γ1γ0)ψ, (2.22e)
T 02 =
ı
4
g00
(
ψ¯γ2ψ˙− ˙ψ¯γ2ψ
)− ı
4
g00ψ¯ (γ0Γ2 +Γ2γ0)ψ, (2.22f)
T 03 =
ı
4
g00
(
ψ¯γ3ψ˙− ˙ψ¯γ3ψ
)− ı
4
g00ψ¯ (γ0Γ3 +Γ3γ0)ψ, (2.22g)
T 12 = −
ı
4
g11ψ¯ (γ2Γ1 +Γ1γ2 + γ1Γ2 +Γ2γ1)ψ, (2.22h)
T 23 = −
ı
4
g22ψ¯ (γ3Γ2 +Γ2γ3 + γ2Γ3 +Γ3γ2)ψ, (2.22i)
T 13 = −
ı
4
g11ψ¯ (γ3Γ1 +Γ1γ3 + γ1Γ3 +Γ3γ1)ψ. (2.22j)
Further inserting (2.16) into (2.22) after a little manipulations for the components of the energy-
momentum tensor one finds:
T 00 = mspS+F(K), (2.23a)
T 11 = T
2
2 = T
3
3 = F(K)−2KFK, (2.23b)
T 01 = −
ıne−mx3
4
a1
a3
ψ¯ γ¯3γ¯1γ¯0ψ =−ne
−mx3
4
a1
a3
A2, (2.23c)
T 02 = −
ımenx3
4
a2
a3
ψ¯ γ¯2γ¯3γ¯0ψ =−me
nx3
4
a2
a3
A1, (2.23d)
T 03 = 0, (2.23e)
T 12 =
ı e(m+n)x3
4
a2
a1
[(
a˙1
a1
− a˙2
a2
)
ψ¯ γ¯1γ¯2γ¯0ψ− m+n
a3
ψ¯γ¯1γ¯2γ¯3ψ
]
=
e(m+n)x3
4
a2
a1
[(
a˙1
a1
− a˙2
a2
)
A3− m+n
a3
A0
]
, (2.23f)
T 13 =
ı emx3
4
a3
a1
(
a˙3
a3
− a˙1
a1
)
ψ¯ γ¯3γ¯1γ¯0ψ = e
mx3
4
a3
a1
(
a˙3
a3
− a˙1
a1
)
A2 (2.23g)
T 23 =
ı e−nx3
4
a3
a2
(
a˙2
a2
− a˙3
a3
)
ψ¯γ¯2γ¯3γ¯0ψ = e
−nx3
4
a3
a2
(
a˙2
a2
− a˙3
a3
)
A1. (2.23h)
As one sees from (2.22) and (2.23) the non-triviality of non-diagonal components of the energy
momentum tensors is directly connected with the affine spinor connections Γi’s.
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From (2.18) one can write the equations for bilinear spinor forms (2.8):
˙S0 +G A00 = 0, (2.24a)
˙P0−ΦA00 = 0, (2.24b)
˙A00−
m−n
a3
A30 +ΦP0−G S0 = 0, (2.24c)
˙A30−
m−n
a3
A00 = 0, (2.24d)
v˙00−
m−n
a3
v30 = 0, (2.24e)
v˙30−
m−n
a3
v00 +ΦQ300 +G Q210 = 0, (2.24f)
˙Q300 −Φv30 = 0, (2.24g)
˙Q210 −G v30 = 0, (2.24h)
where we denote S0 = SV, P0 = PV, Aµ0 = AµV, v
µ
0 = v
µV, Qµν0 = QµνV and Φ = msp +D . Here
we also introduce the volume scale
V = a1a2a3. (2.25)
Combining these equations together and taking the first integral one gets
(S0)2 +(P0)2 +(A00)2− (A30)2 = C1 = Const, (2.26a)
(Q300 )2 +(Q210 )2 +(v30)2− (v00)2 = C2 = Const (2.26b)
Now let us consider the Einstein field equations. In view of (2.6) and (2.23) we find the follow-
ing system of Einstein Equations
a¨2
a2
+
a¨3
a3
+
a˙2
a2
a˙3
a3
− n
2
a23
= κ (F(K)−2KFK) , (2.27a)
a¨3
a3
+
a¨1
a1
+
a˙3
a3
a˙1
a1
− m
2
a23
= κ (F(K)−2KFK) , (2.27b)
a¨1
a1
+
a¨2
a2
+
a˙1
a1
a˙2
a2
+
mn
a23
= κ (F(K)−2KFK) , (2.27c)
a˙1
a1
a˙2
a2
+
a˙2
a2
a˙3
a3
+
a˙3
a3
a˙1
a1
− m
2−mn+n2
a23
= κ
(
mspS+F(K)
)
, (2.27d)
(m−n) a˙3
a3
−ma˙1
a1
+n
a˙2
a2
= 0, (2.27e)
0 = ne
−mx3
4
a1
a3
A2, (2.27f)
0 = me
nx3
4
a2
a3
A1, (2.27g)
0 = e
(m+n)x3
4
a2
a1
[(
a˙1
a1
− a˙2
a2
)
A3− m+n
a3
A0
]
,(2.27h)
0 = e
mx3
4
a3
a1
(
a˙3
a3
− a˙1
a1
)
A2, (2.27i)
0 = e
−nx3
4
a3
a2
(
a˙2
a2
− a˙3
a3
)
A1. (2.27j)
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From (2.27f) and (2.27g) one dully finds
A2 = 0, and A1 = 0. (2.28)
In view of (2.28) the relations (2.27i) and (2.27j) fulfill even without imposing restrictions on the
metric functions. From (2.27h) one finds the following relations between A0 and A3:(
a˙1
a1
− a˙2
a2
)
A3 =
m+n
a3
A0. (2.29)
Inserting (2.29) into (2.24d) one finds
m+n
m−n
˙A30
A30
=
(
a˙1
a1
− a˙2
a2
)
, (2.30)
with the solution (
A30
)m+n
m−n = X03
(
a1
a2
)
, X03 = const. (2.31)
On the other hand from (2.27e) one finds the following relation between the metric functions
a3 = X0
(
am1
an2
)1/(m−n)
. (2.32)
Thus the non-diagonal components of Einstein equations not only connected the different met-
ric functions as was found in [26], but also imposes some restrictions on the components of the
spinor field.
To find the metric functions explicitly we have to address the diagonal components of Einstein
system. Explicit presence of a3 force us to impose some additional conditions. In an early work
[26] we propose two different situations, namely, set a3 =
√
V and a3 = V which allows us to
obtain exact solutions for the metric functions.
In a recent paper we imposed the proportionality condition, widely used in literature. Demand-
ing that the expansion is proportion to a component of the shear tensor, namely
ϑ = N3σ 33 . (2.33)
The motivation behind assuming this condition is explained with reference to Thorne [56]. The
observations of the velocity-red-shift relation for extragalactic sources suggest that Hubble ex-
pansion of the universe is isotropic today within ≈ 30 per cent [57, 58]. To put more precisely,
red-shift studies place the limit
σ
H
≤ 0.3, (2.34)
on the ratio of shear σ to Hubble constant H in the neighborhood of our Galaxy today. Collins
et al. [59] have pointed out that for spatially homogeneous metric, the normal congruence to the
homogeneous expansion satisfies the condition σθ is constant. Under this proportionality condition
it was also found that the energy-momentum distribution of the model is strictly isotropic, which
is absolutely true for our case.
Let us now find expansion and shear for BVI metric. The expansion is given by
ϑ = uµ;µ = uµµ +Γµµαuα , (2.35)
and the shear is given by
σ 2 =
1
2
σµνσ
µν , (2.36)
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with
σµν =
1
2
[
uµ;αPαν +uν;αPαµ
]
− 13ϑPµν , (2.37)
where the projection vector P:
P2 = P, Pµν = gµν −uµ uν , Pµν = δ µν −uµ uν . (2.38)
In comoving system we have uµ = (1,0,0,0). In this case one finds
ϑ = a˙1
a1
+
a˙2
a2
+
a˙3
a3
=
˙V
V
, (2.39)
and
σ 11 = −
1
3
(
−2 a˙1
a1
+
a˙2
a2
+
a˙3
a3
)
=
a˙1
a1
− 13ϑ , (2.40a)
σ 22 = −
1
3
(
−2 a˙2
a2
+
a˙3
a3
+
a˙1
a1
)
=
a˙2
a2
− 13ϑ , (2.40b)
σ 33 = −
1
3
(
−2 a˙3
a3
+
a˙1
a1
+
a˙2
a2
)
=
a˙3
a3
− 13ϑ . (2.40c)
One then finds
σ 2 =
1
2
[
3
∑
i=1
(
a˙i
ai
)2
− 1
3
ϑ 2
]
=
1
2
[
3
∑
i=1
H2i −
1
3
ϑ 2
]
. (2.41)
Inserting (2.32) into (2.39), (2.40) and (2.41) we find
ϑ = 2m−n
m−n
a˙1
a1
+
m−2n
m−n
a˙2
a2
, (2.42)
and
σ 11 =
m−2n
3(m−n)
(
a˙1
a1
− a˙2
a2
)
, (2.43a)
σ 22 =
n−2m
3(m−n)
(
a˙1
a1
− a˙2
a2
)
, (2.43b)
σ 33 =
m+n
3(m−n)
(
a˙1
a1
− a˙2
a2
)
. (2.43c)
On account of (2.32), (2.40c), (2.25) from (2.33) one finds
a1 =
[
X (m−n)/(m−2n)1
X0
V
] 1
3+N3
m−2n
m+n
, (2.44a)
a2 = X1
[
X (m−n)/(m−2n)1
X0
V
] 1
3+N3
n−2m
m+n
, (2.44b)
a3 = X0X
−n/(m−n)
1
[
X (m−n)/(m−2n)1
X0
V
] 1
3+N3
, (2.44c)
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where X1 is an integration constant. Further taking into account that V = a1a2a3 from (2.44) one
finds
X
m−n
m−2n+
m−2n
m−n
1 = 1, (2.45)
with either X1 = 1 or m−nm−2n +
m−2n
m−n = 0. Since (m− n)2 +(m− 2n)2 6= 0, we conclude X1 = 1.
Hence for the metric functions finally we obtain
a1 =
[
V
X0
] 1
3+N3
m−2n
m+n
, a2 =
[
V
X0
] 1
3+N3
n−2m
m+n
, a3 = X0
[
V
X0
] 1
3+N3
. (2.46)
The equation for V can be found from the Einstein Equation (2.6) which for some manipulation
looks
¨V = 2(m2−mn+n2)X2N3−4/30 V 1/3−2N3 +
3κ
2
[
mspS+2(F(K)−KFK)
]
V. (2.47)
In order to solve (2.47) we have to know the relation between the spinor and the gravitational
fields. Let us first find those relations for different K. Let us recall that K takes one of the following
expressions {I, J, I + J, I− J}, with D = 2SFKKI and G = 2PFKKJ .
In case of K = I, i.e. G = 0 from (2.24a) we duly have
˙S0 = 0, (2.48)
with the solution
K = I = S2 =
V 20
V 2
, ⇒ S = V0
V
, V0 = const. (2.49)
In this case spinor field can be either massive or massless.
As far as case with K taking one of the expressions {J, I + J, I− J} that gives KJ = ±1 is
concerned, it can be solved exactly only for a massless spinor field.
In case of K = J, i.e. Φ = D = 0 from (2.24b) we duly have
˙P0 = 0, (2.50)
with the solution
K = J = P2 =
V 20
V 2
, ⇒ P = V0
V
, V0 = const. (2.51)
In case of K = I + J the equations (2.24a) and (2.24b) can be rewritten as
˙S0 +2PFKA00 = 0, (2.52a)
˙P0−2SFKA00 = 0, (2.52b)
which can be rearranged as
S0 ˙S0 +P0 ˙P0 =
d
dt
(
S20 +P20
)
=
d
dt
(
V 2K
)
= 0, (2.53)
with the solution
K =
V 20
V 2
, V0 = const. (2.54)
Note that one can represent S and P as follows:
S = V0
V
sinθ , P = V0
V
cosθ . (2.55)
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The term θ can be determined from (2.52a) or (2.52b) on account of (2.29), (2.31) and (2.46).
Finally, for K = I− J the equations (2.24a) and (2.24b) can be rewritten as
˙S0−2PFKA00 = 0, (2.56a)
˙P0−2SFKA00 = 0, (2.56b)
which can be rearranged as
S0 ˙S0−P0 ˙P0 = ddt
(
S20−P20
)
=
d
dt
(
V 2K
)
= 0, (2.57)
with the solution
K =
V 20
V 2
, V0 = const. (2.58)
As in previous case one can rewrite S and P as follows:
S = V0
V
coshθ , P = V0
V
sinhθ . (2.59)
Like previous case θ can be determined from (2.56a) or (2.56b) on account of (2.29), (2.31) and
(2.46).
III. SOLUTION TO THE FIELD EQUATIONS
In this section we solve the field equations. Let us begin with the spinor field equations. In
view of (2.10) and (2.16) the spinor field equation (2.18a) takes the form
ıγ¯0
(
ψ˙ + 1
2
˙V
V
ψ
)
−mspψ− m−n2a3 γ¯
3ψ−Dψ− ıG γ¯5ψ = 0, (3.1a)
ı
(
˙ψ¯ + 1
2
˙V
V
ψ¯
)
γ¯0 +mspψ¯− m−n2a3 ψ¯ γ¯
3 +Dψ¯ + ıG ψ¯ γ¯5 = 0. (3.1b)
As we have already mentioned, ψ is a function of t only. We consider the 4-component spinor
field given by
ψ =


ψ1
ψ2
ψ3
ψ4

 . (3.2)
Denoting φi =
√
V ψi and ¯X0 = (m−n)XN3−2/30 from (3.1) for the spinor field we find we find
˙φ1 + ıΦφ1 +
[
ı
¯X0
2V 1/3+N3
+G
]
φ3 = 0, (3.3a)
˙φ2 + ıΦφ2−
[
ı
¯X0
2V 1/3+N3
−G
]
φ4 = 0, (3.3b)
˙φ3− ıΦφ3 +
[
ı
¯X0
2V 1/3+N3
−G
]
φ1 = 0, (3.3c)
˙φ4− ıΦφ4−
[
ı
¯X0
2V 1/3+N3
+G
]
φ2 = 0. (3.3d)
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Further denoting Y = ¯X0
2V 1/3+N3
we can write the foregoing system of equation in the form:
˙φ = Aφ , (3.4)
with φ = col(φ1, φ2, φ3, φ4) and
A =


−ıΦ 0 −ıY −G 0
0 −ıΦ 0 ıY −G
−ıY +G 0 ıΦ 0
0 ıY +G 0 ıΦ

 . (3.5)
It can be easily found that
detA =
(
Φ2 +Y 2 +G 2
)2
. (3.6)
The solution to the equation (3.4) can be written in the form
φ(t) = Texp
(
−
∫ t1
t
A1(τ)dτ
)
φ(t1), (3.7)
where
A =


−ıD 0 −ıY −G 0
0 −ıD 0 ıY −G
−ıY +G 0 ıD 0
0 ıY +G 0 ıD

 . (3.8)
and φ(t1) is the solution at t = t1. As we have already shown, K =V 20 /V 2 for K = {J, I+J, I−J}
with trivial spinor-mass and K = V 20 /V 2 for K = I for any spinor-mass. Since our Universe is
expanding, the quantities D , Y and G become trivial at large t. Hence in case of K = I with non-
trivial spinor-mass one can assume φ(t1) = col(e−ımspt1, e−ımspt1 , eımspt1 , eımspt1), whereas for other
cases with trivial spinor-mass we have φ(t1) = col
(φ 01 , φ 02 , φ 03 , φ 04 ) with φ 0i being some constants.
Here we have used the fact that Φ = msp +D . The other way to solve the system (3.3) is given in
[26].
As far as equation for V , i.e., (2.47) is concerned, we solve it setting K = I as in this case we
can use the mass term as well.
Assuming
F = ∑
k
λkInk = ∑
k
λkS2nk (3.9)
on account of S =V0/V we find
¨V = Φ(V ), Φ(V ) = ¯XV 1/3−2N3 + 3κ
2
[
mspV0 +2∑
k
λk(1−nk)V 2nk0 V 1−2nk
]
, (3.10)
where ¯X = 2
(
m2−mn+n2)X (2N3−4/3)0 .
Let us now show the existence and uniqueness of the solution of the Eq. (3.10). For this we
study the right hand side of the Eq. (3.10), namely we check whether Φ(t,V ) satisfies the Lipschitz
condition. In doing so let us rewrite (3.10) as
˙W = Φ(V ), (3.11a)
˙V = W. (3.11b)
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Let (t∗,V∗) and (t∗,W∗) be a particular pair of values assigned to the real variables (t,V ) and
(t∗,W∗) such that within a rectangular domain D surrounding the point (t∗,V∗) and defined by the
inequalities
|t− t∗| ≤ A∗, |V −V∗| ≤ B∗, (3.12)
Φ(t,V ) is a one valued continuous function of t and V . Indeed, for the other parameter fixed
Φ(t,V ) is a one valued continuous function. Recalling that V = 0 corresponds to a space-time sin-
gularity and V is essentially non-negative, for any nontrivial value of V we conclude that |Φ(t,V )|
has an upper bound M in D. We also define h = min(A∗,B∗/M). If h < A∗, upon t we impose the
additional condition |t− t∗|< h. Let (t1,V1) and (t2,V2) are two points within D.
The Lipschitz condition in this case√
[Φ(t1,V1)−Φ(t2,V2)]2 +(W1−W2)2 ≤ L
√
(V1−V2)2 +(W1−W2)2, (3.13)
for any L > 1 follows from√
[Φ(t1,V1)−Φ(t2,V2)]2 ≤ L
√
(V1−V2)2. (3.14)
Here L is a constant. Inserting Φ(t,V ) from (3.10) into the left hand side of (3.14) we find
|Φ(t1,V1)−Φ(t2,V2)| =
∣∣∣∣∣ ¯X
(
V 1/3−2N31 −V 1/3−2N32
)
+3κ ∑
k
λk(1−nk)V 2nk0
[
V 1−2nk1 −V 1−2nk2
]∣∣∣∣∣
=
∣∣∣∣∣(V2−V1)
[
¯X1(V ∗)−(2/3+2N3)+∑
k
λ ∗k (V ∗)−2nk
]∣∣∣∣∣ (3.15)
where V ∗ ∈ [V1,V2], V1 > 0, V2 > 0. Here we also denote ¯X1 = (1/3− 2N3) ¯X , and λ ∗k =
2κ(1−nk)(1−2nk)V 2nk0 λk. Here we used the mean value theorem.
Since
[
¯X1(V )−(2/3+2N3)+∑k λ ∗k (V )−2nk
]
is continuous, it possesses a maximum L in the inter-
val [V1,V2], such that
|Φ(t1,V1)−Φ(t2,V2)| ≤ L |V2−V1| (3.16)
in the domain D. Further extending this study to other domains it can be shown that the condition
(3.16) holds in D =⋃V1>0,V2<∞[V1,V2].
Thus we see that Φ(t,V ) is continuous and satisfies Lipschitz condition in the domain D. Hence
Eq. (3.10) admits a unique continuous solution.
Once the existence and uniqueness of the solution of (3.10) is proved, we can carry our study
further. The first integral of (3.10) is
˙V = Φ1(V ), Φ1(V ) =
√√√√
¯X1V (4/3−2N3)+3κ
[
mspV0V +∑
k
λkV 2nk0 V 2(1−nk)+ ¯C
]
, (3.17)
where we denote ¯X1 = 6 ¯X/(4−6N3) and ¯C is the constant of integration. The solution for V can
be written in quadrature as
∫ dV√
¯X1V (4/3−2N3)+3κ
[
mspV0V +∑k λkV 2nk0 V 2(1−nk)
]
+ ¯C
= t + t0, (3.18)
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with ¯C and t0 being some arbitrary constants.
In what follows we solve the Eqn. (3.10) numerically. In doing so we determine ˙V (0) from
(3.17) for the given value of V (0).
To determine the character of the evolution, let us first study the asymptotic behavior of the
equation (3.10). It should be recalled that we have K = V 20 /V 2. Since all the physical quan-
tities constructed from the spinor fields as well as the invariants of gravitational fields are in-
verse function of V of some degree, it can be concluded that at any spacetime point where
the volume scale becomes zero, it is a singular point [24]. So we assume at the beginning V
was small but non-zero. Then from (3.10) we see that at t → 0 the nonlinear term prevails if
nk = n1 : n1 > max [1/2, N3 +1/3]. Recalling that we are considering an expanding Universe, at
t →∞ the volume scale should be quite large. In that case the nonlinear term prevails over the first
term if nk = n2 : n2 < min [1/2, N3 +1/3]. For nk = n0 : 1−2n0 = 0, i.e. n0 = 1/2 the spinor field
nonlinearity vanishes and the corresponding term becomes equivalent to the (effective) mass term.
To define whether the model allows decelerated or accelerated mode of expansion we also plot
deceleration parameter q defines as
q =−V
¨V
˙V 2
, (3.19)
which in view of (3.10) and (3.17) can be rewritten as
q =−V Φ(V )
Φ21(V )
=−
¯XV 4/3−2N3 + 3κ2
[
mspV0V +2∑k λk(1−nk)V 2nk0 V 1−2nk
]
¯X1V (4/3−2N3)+3κ
[
mspV0V +∑k λkV 2nk0 V 2(1−nk)
]
+ ¯C
, (3.20)
Now let us see what happens to deceleration parameter as t → ∞. As we have already estab-
lished, for n2 < 1/2 and n2 < 1/3+N3 the nonlinear tern prevails and in this case we find
q≈−(1−n2)< 0, (3.21)
whereas for N3 < 1/6 and n2 > 1/3+N3 we have
q≈−
¯X
¯X1
=−(2/3−N3)< 0. (3.22)
Thus we see that in both cases the Universe expands with acceleration.
It should also be emphasized that for n1 > 1/2 and N3 > 1/6 the mass term prevails asymptot-
ically at t → ∞ and the Universe expands as a quadratic function of time, i.e., V |t→∞ ∝ t2.
The above analysis shows that the absence of mass term leads to constant deceleration param-
eter, while for a time depending deceleration parameter the presence of a non-zero mass term is
essential.
Let us also see what happens to EoS (equation of state) parameter in this case. Inserting (3.9)
into (2.23a) and (2.23b) one finds the expressions for energy density ε = T 00 and pressure p =−T 11
(in this particular case as T 11 = T 22 = T 33 ):
ε = msp
V0
V
+∑
k
λk
V 2nk0
V 2nk
, p = ∑
k
λk(2nk−1)
V 2nk0
V 2nk
. (3.23)
In view of (3.23) for the EoS parameter we find
W =
p
ε
=
∑k λk(2nk−1)V
2nk
0
V 2nk
msp
V0
V +∑k λk
V 2nk0
V 2nk
, (3.24)
It can be shown that at the early stage of evolution the EoS parameter is dominated by the usual
matter, while at later stage the dark energy becomes dominant. Moreover, at the absence of the
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mass term the EoS parameter becomes a constant as in that case W = 2nk−1, whereas for a non-
trivial mass term the EoS parameter is a variable function of time. Here we have exploited the fact
that, at any concrete stage of evolution, one of the terms of the sum becomes predominant; hence
others can be overlooked.
There might be some question regarding the choice of nonlinearity in the form (3.9). The
reason lies on the fact that the spinor description of different kinds of fluid and dark energy such
as ekpyrotic matter, dust, radiation, quintessence, Chaplygin gas, phantom matter etc. is in one
form or the other is given by the power law of the invariants of spinor field. While the spinor
description of fluid or dark energy leads to the elimination of mass term, the choice (3.9) still
allows us to study the role of spinor mass on the evolution of the Universe. To show this let us
recall that only in case of K = I = S2 we could express K in terms of V with a non-trivial mass
term in the Lagrangian. So setting F = F(S) from
W =
p
ε
, (3.25)
in view of (2.23a) and (2.23b) one finds [43–46]
F = λS1+W −mS = λ V
1+W
0
V 1+W
−mV0
V
(3.26)
that corresponds to dust (W = 0), radiation (W = 1/3)), hard Universe (W ∈ (1/3, 1)), stiff
matter (W = 1), quintessence (W ∈ (−1/3,−1)), cosmological constant (W = −1), phan-
tom matter (W < −1), and ekpyrotic matter (W > 1), respectively. Inserting (3.26) into (2.7)
one finds that the mass term in this case vanishes, while the spinor field nonlinearity given by
(3.9) does not. In this case for energy density and pressure we find ε = λV 1+W0 /V 1+W and
p = λWV 1+W0 /V 1+W , respectively. EoS parameter in this case is a constant by definition, while
in absence of the mass term the deceleration parameter also becomes a constant. Nevertheless one
can use (3.9) with the trivial mass term in the Lagrangian and the sum (∑k) in (3.9) can be viewed
as multi-component source field with k standing for different types of matter and dark energy such
as ekpyrotic matter, dust, radiation, quintessence, Chaplygin gas, phantom matter etc.
Comparing (3.9) with (3.26) one finds 2nk = W + 1. Further setting the value of W for
different fluid and dark energy we find the corresponding value of nk: dust (nk = 1/2), ra-
diation (nk = 2/3)), hard Universe (nk ∈ (2/3, 1)), stiff matter (nk = 1), quintessence
(nk ∈ (0, 1/3)), cosmological constant (nk = 0), phantom matter (nk < 0), and ekpyrotic mat-
ter (nk > 1), respectively. It was shown earlier, when nk = 1/2 the corresponding term can be
added to the mass term. So we can conclude that the term with nk = 1/2 which also describes dust
behaves like a mass term.
One of the principal advantage of using spinor description of source field lies on the fact that in
this case one needs not think about whether two or more components considered can be separated.
To show that let us write the Biacnhi identity that leads to
T νµ;ν = T
ν
µ,ν +Γνρν T
ρ
µ −Γρµν T νρ = 0, (3.27)
which for the metric (2.4) on account of the components of the energy-momentum tensor takes the
from
ε˙ +
˙V
V
(ε + p) = 0. (3.28)
Inserting ε and p from (2.23a) and (2.23b) from (3.28) one finds
msp
V
d
dt (SV )+
FK
V 2
d
dt
(
KV 2
)
= 0. (3.29)
In case of K = I = S2 (3.29) fulfills identically thanks to (2.49), i.e., SV = const. and KV 2 =
const., whereas in the case when K takes one of the following expressions {J, I + J, I− J}, for a
massless spinor field (3.29) fulfills identically thanks to (2.51), (2.54) and (2.58), i.e., KV 2 = const.
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Hence if we use spinor description of different fluid and dark energy simulated from corresponding
equation of sate, the Bianchi identity will be fulfilled identically without invoking any additional
condition.
To this end let us solve the equation for V numerically. For simplicity let us consider system
with two components only. In this case we have
¨V = Φ(V ), (3.30)
Φ(V ) = ¯XV 1/3−2N3 +
3κ
2
[
mspV0 +2λ1(1−n1)V 2n10 V 1−2n1 +2λ2(1−n2)V 2n20 V 1−2n2
]
,
with the first integral
˙V = Φ1(V ), (3.31)
Φ21(V ) = ¯X1V (4/3−2N3)+3κ
[
mspV0V +λ1V 2n10 V 2(1−n1)+λ2V
2n2
0 V
2(1−n2)+ ¯C
]
,
Since we are interested in qualitative picture here, so we set the value of problem parameters
very simple. In doing so we set the value of N3, n1 and n2 in such as way that none of the four terms
in the right hand side of (3.30) merge with the others. Beside this we will consider the coupling
constants λ1 and λ2 with different signs. The initial value V (0) is taken to be small but non-zero
in such a way that the right hand side of (3.31) remains non-negative. For the given initial value
˙V (0) is defined from (3.31).
From (3.31) it can be easily established that only in case when both λ1 and λ2 are positive the
model allows ever expanding solution, whereas, if one of the λi’s is negative, the non-negativity of
the expressions under the square-root imposes some restrictions on the value of V . A negative λ1
generates the minimums while the negative λ2 generates the maximums. In case if the minimum
occurs at a negative value of V we have a Universe that expands to some maximum value and then
contracts before ending in a Big Crunch. If both maximums and minimums are non-zero, we have
periodic solution with no beginning and no end. In both cases λ2 < 0. If λ2 > 0 independent to
whether λ1 is positive or negative, we have ever expanding solution.
For simplicity we set m = 1, n = 2, X0 = 1,V0 = 1, msp = 1,C0 = 1, κ = 1. Fixing N3 =−1/3
from n1 > max [1/2, N3 +1/3] we set n1 = 3/2 (ekpyrotic matter) and n1 = 2/3 (radiation), while
from n2 < min [1/2, N3 +1/3] we set n2 = 1/4 (quintessence) and n2 = −1 (phantom matter).
As far as coupling constants are concerned we consider two cases with λ1 = {1,−0.001} and
λ2 = {1,−1}. The initial value of V (0) is taken to be V (0) = 0.01.
In Fig. 1 we have illustrated the evolution of volume scale V for the Universe filled with
massive spinor field with n1 = 2/3, n2 = 1/4, λ1 = 1 and λ2 = 1. We draw the picture of evolution
of V in the Figs. 2, 3 and 4 for {n1 = 2/3,n2 =−1,λ1 = 1,λ2 =−1}; {n1 = 3/2,n2 = 1/4,λ1 =
−0.001,λ2 = 1}, and {n1 = 2/3,n2 =−1,λ1 =−0.001,λ2 =−1}, respectively. In Figs. 5 and 6
we have illustrated the evolution of deceleration parameter for positive λ2 only.
IV. CONCLUSION
Within the scope of Bianchi type-VI spacetime we study the role of spinor field on the evolution
of the Universe. It is found that in this case the non-diagonal components of the energy-momentum
tensor of spinor field, unlike in the cases Bianchi type I [48] and Bianchi type-VI0 [49], does not
lead to the elimination of spinor field nonlinearity and the mass term in spinor field Lagrangian.
Depending of the sign of self-coupling constant the model in this case allows either late time
acceleration or oscillatory mode of evolution.
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FIG. 1: Evolution of the Universe filled with massive spinor field with n1 = 2/3, n2 = 1/4, λ1 = 1 and
λ2 = 1
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20 Saha B.
FIG. 4: Evolution of the Universe filled with massive spinor field with n1 = 2/3, n2 = −1, λ1 = −0.001
and λ2 =−1.
.
FIG. 5: Plot of deceleration parameter q with n1 = 2/3, n2 = 1/4, λ1 = 1 and λ2 = 1
.
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FIG. 6: Plot of deceleration parameter q with n1 = 3/2, n2 = 1/4, λ1 =−0.001 and λ2 = 1.
.
